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REPRESENTATION THEORY AND AN ISOMORPHISM THEOREM FOR THE 
FRAMISATION OF THE TEMPERLEY-LIEB ALGEBRA 

MARIA CHLOUVERAKI AND GUILLAUME POUCHIN 


ABSTRACT. In this paper, we describe the irreducible representations and give a dimension formula for the 
Framisation of the Temperley-Lieb algebra. We then prove that the Framisation of the Temperley-Lieb algebra 
is isomorphic to a direct sum of matrix algebras over tensor products of classical Temperley-Lieb algebras. This 
allows us to construct a basis for it. We also study in a similar way the Complex Reflection Temperley-Lieb 
algebra. 


1. Introduction 

The Temperley-Lieb algebra was introduced by Temperley and Lieb in UTeLill for its applications in 
statistical mechanics. It was later shown by Jones i JoTt !Jo21 that it can be obtained as a quotient of the 
Iwahori-Hecke algebra of type A. Both algebras depend on a parameter q. Jones showed that there exists 
a unique Markov trace, called the Ocneanu trace, on the Iwahori-Hecke algebra, which depends on a pa¬ 
rameter z. For a specific value of z, the Ocneanu trace passes to the Temperley-Lieb algebra. Jones used 
the Ocneanu trace on the Temperley-Lieb algebra to define a polynomial knot invariant, the famous Jones 
polynomial. Using the Ocneanu trace as defined originally on the Iwahori-Hecke algebra of type A yields 
another famous polynomial invariant, the HOMFLYPT polynomial, which is also known as the 2-variable 
Jones polynomial (the 2 variables being q and z). 

Yokonuma-Hecke algebras were introduced by Yokonuma lYol as generalisations of Iwahori-Hecke 
algebras in the context of finite Chevalley groups. The Yokonuma-Hecke algebra of type A is the centraliser 
algebra associated to the permutation representation with respect to a maximal unipotent subgroup of the 
general linear group over a finite field. Juyumaya has given a generic presentation for this algebra, depending 
on a parameter q, and defined a Markov trace on it, the latter depending on several parameters llJull lJuKa . 
IJu21 . This trace was subsequently used by Juyumaya and Lambropoulou for the construction of invariants 
for framed knots and links f JuLall IJuLa21 . They later showed that these invariants can be also adapted for 
classical and singular knots and links llJuLa31 [JuLa4l . The next step was to construct an analogue of the 
Temperley-Lieb algebra in this case. 

As it is explained in more detail in IJuLa51l . where the technique of framisation is thoroughly discussed, 
three possible candidates arose. The first candidate was the Yokonuma-Temperley-Lieb algebra, which was 
defined in I GJKLlll as the quotient of the Yokonuma-Hecke algebra by exactly the same ideal as the one used 
by Jones in the classical case. We studied the representation theory of this algebra and constructed a basis 
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for it in IChPol . The values of the parameters for which Juyumaya’s Markov trace passes to the Yokonuma- 
Temperley-Lieb algebra are given in itGJKLll . For these values, the invariants for classical knots and links 
obtained from the Yokonuma-Temperley-Lieb algebra are equivalent to the Jones polynomial. 

A second candidate, which is more interesting knot theoretically, was suggested in I GJKL21 . This is 
the Framisation of the Temperley-Lieb algebra, which we study in this paper. The Framisation of the 
Temperley-Lieb algebra is defined in a subtler way than the Yokonuma-Temperley-Lieb algebra, as the 
quotient of the Yokonuma-Flecke algebra by a more elaborate ideal, and it is larger than the Yokonuma- 
Temperley-Lieb algebra. The values of the parameters for which Juyumaya’s Markov trace passes to this 
quotient are given in I1GJKL21 . It was recently shown that the invariants for classical links obtained from 
the Yokonuma-Flecke algebra are stronger than the HOMFLYPT polynomial lICJKLl . It turns out that, in a 
similar way, the invariants for classical links obtained from the Framisation of the Temperley-Lieb algebra 
are stronger than the Jones polynomial. 

The third candidate is the Complex Reflection Temperley-Lieb algebra, defined also in HGJKL21 . which 
is larger than the Framisation of the Temperley-Lieb algebra, but provides the same knot theoretical infor¬ 
mation. 

In the first part of this paper, we study the representation theory of the Framisation of the Temperley- 
Lieb algebra. In Theorem 13 .101 we give a complete description of its irreducible representations, by showing 
which irreducible representations of the Yokonuma-Flecke algebra pass to the quotient. The representations 
of the Yokonuma-Flecke algebra of type A were first studied by Thiem IITh l 1 ITh2l ITh3l . but here we use 
their explicit description given later in I ChPA I. Our result generalises in a natural way the analogous result 
in the classical case. We then use the dimensions of the irreducible representations of the Framisation of 
the Temperley-Lieb algebra in order to compute the dimension of the algebra. We deduce a combinatorial 
formula involving Catalan numbers, given in Theorem 13.1 II 

We also take this opportunity to write down the relations between three types of generators used in the 
literature so far, and show that the Yokonuma-Hecke algebra is split semisimple over a smaller field than 
the one considered in IIChPAII . 

In the second part of this paper, we provide an algebraic connection between the Framisation of the 
Temperley-Lieb algebra and the Temperley-Lieb algebra. Lusztig itLut has shown that Yokonuma-Hecke 
algebras are isomorphic to direct sums of matrix algebras over certain subalgebras of classical Iwahori- 
Hecke algebras. For the Yokonuma-Hecke algebra of type A, these are all Iwahori-Hecke algebras of type 
A. This result was reproved recently in IIJaPAII using Juyumaya’s presentation for the Yokonuma-Hecke 
algebra of type A. Another proof of the same result has been given recently in |EsRy |. In Theorem 14.31 we 
show that the isomorphism can be defined over a smaller ring than the one considered in all three papers. 
Then, in Theorem 021 we prove that the Framisation of the Temperley-Lieb algebra is isomorphic to a direct 
sum of matrix algebras over tensor products of Temperley-Lieb algebras. Using this result, we provide a 
basis for the Framisation of the Temperley-Lieb algebra in Proposition 15. 101 

We would like to remark that these isomorphism theorems discussed above render the fact that the invari¬ 
ants for classical links arising from the Yokonuma-Hecke algebra and the Framisation of the Temperley- 
Lieb algebra are stronger than the HOMFLYPT and the Jones polynomial respectively even more surprising 
and intriguing. 

Finally, in the last section, we study the representation theory and give a dimension formula for the Com¬ 
plex Reflection Temperley-Lieb algebra. We then prove that the Complex Reflection Temperley-Lieb alge¬ 
bra is isomoiphic to a direct sum of matrix algebras over tensor products of Temperley-Lieb and Iwahori- 
Hecke algebras. We also give a basis for it. Our results in this section, combined with the results on the 
Famisation of the Temperley-Lieb algebra in the previous sections and on the Yokonuma-Temperley-Lieb 
algebra in IlChPoll . provide a clear indication that the Framisation of the Temperley-Lieb algebra is the 
natural analogue of the Temperley-Lieb algebra in the context of Yokonuma-Hecke algebras. 
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2. Representation theory of the Temperley-Lieb algebra 


In this section, we recall the definition of the Temperley-Lieb algebra as a quotient of the Iwahori-Hecke 
algebra of type A given by Jones l lJo2l . and some classical results on its representation theory. 


2.1. The Iwahori-Hecke algebra 'H n (q). Let n £ N and let q be an indeterminate. The Iwahori-Hecke 
algebra of type A, denoted by TL n {q), is a C[q. q ^ 1 ]-associative algebra generated by the elements 

G i,..., G n —i 

subject to the following braid relations: 

9 GiGj = GjGi for all i,j = 1,..., n — 1 with \i — j\ > 1, 

GiGi+iGi = Gi+i GjGi+i for all i = 1,..., n — 2, 

together with the quadratic relations: 

(2.2) G\ = q + (q — 1 )G* for alH = 1,..., n — 1. 

Remark 2.1. If we specialise q to 1, the defining relations (12. 1 1 )- (12.21 ) become the defining relations for the 
symmetric group & n . Thus, the algebra 'H,,[q) is a deformation of C[<5„], the group algebra of & n over C. 

Let w £ 6 n and let w = s n s,. 2 ... s lr he a reduced expression for w, where .s, denotes the transposition 
(i, i + 1). By Matsumoto’s lemma, the element G w := G- n Gi 2 ... Gi r is well defined. It is well-known that 
the set { G w } w ee n forms a basis of 'H n (q) over C[q. q _1 ], which is called the standard basis. In particular - , 
TL n {q) is a free C [q, q _1 ]-module of rank n\. 


2.2. The Temperley-Lieb algebra TL n (q). Let i = 1,..., n — 2. We set 

1 := 1 + Gi + Gj+i + GiGi +1 + Gi+iGi + GiGi+iGi = G w . 

we(si,s i+ 1 ) 

We define the Temperley-Lieb algebra TL n (q) to be the quotient TL n (q)/I n , where I n is the ideal generated 
by the element G \ -2 (if n ^ 2, we take I n = {0}). We have Giy+ 1 £ I n for all? = 1,..., n — 2, since 

Gi,i +1 = (GiG 2 . . . Gn-if- 1 Gi,2 (GiG 2 • • • Gn-i)-^- 1 ). 


2.3. Combinatorics of partitions. Let A h n be a partition of n, that is, A = (Ai,..., A/.) is a family of 
positive integers such that Ai > A 2 > • • • > A^ > 1 and |A| := Ai + ■ ■ ■ + A& = n. We also say that A is a 
partition of size n. 

We identify partitions with their Young diagrams: the Young diagram of A is a left-justified array of k 
rows such that the y-tli row contains A j nodes for all j = 1,..., k. We write p = (x. y ) for the node in row 
x and column y. 

For a node p lying in the line x and the column y of A (that is, p = ( x , y)), we define c (p) := q y ~ x . The 
number c(p) is called the ( quantum) content of p. 

Now, a tableau of shape A is a bijection between the set {1,..., n} and the set of nodes in A. In other 
words, a tableau of shape A is obtained by placing the numbers 1,..., n in the nodes of A. The size of a 
tableau of shape A is n, that is, the size of A. A tableau is standard if its entries increase along each row and 
down each column of the Young diagram of A. 

For a tableau T, we denote by c('T\i) the quantum content of the node with the number i in it. For 
example, for the standard tableau T = 1 1 1 2 | 3 | of size 3, we have 

c(T|l) = 1, c(T|2) = q and c(T|3) = q 2 . 


For any tableau T of size n and any permutation a £ 6,„ we denote by T CT the tableau obtained from T 
by applying the permutation cr on the numbers contained in the nodes of T■ We have 

c (T°ji) = c(T|cr~ 1 (i)) for allf = 1 

Note that if the tableau T is standard, the tableau T a is not necessarily standard. 
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2.4. Formulas for the irreducible representations of C(q)'H n (q). We set C(q)7~L n (q) := C(g) 

FL n {q). Let V(n) be the set of all partitions of n, and let A £ V(n). Let V\ be a (C(g)-vector space with a 
basis {v r } indexed by the standard tableaux of shape A. We set v r := 0 for any non-standard tableau T of 
shape A. We have the following result on the representations of C (q)'H n {q), established in l iHofl : 


Theorem 2.2. Let T be a standard tableau of shape A £ 'P(n). For brevity, we set a := c(T\i) for 
i = 1 ,,n. The vector space V\ is an irreducible representation of C(q) / H n (q) with the action of the 
generators on the basis element v T defined as follows: for i = 1,..., n — 1, 


(2.3) 


G«(v r ) 


1 Q+i 

- V T + 

Q+l 


Ci+1 Q 


V 


T s i 


where Si is the transposition (i,i + 1). Further, the set {V\}\ypi n ) / ' v a complete set of pairwise non- 
isomorphic irreducible representations of C(q)'H n (q). 


Corollary 2.3. The algebra C(q)'H n (q) is split semisimple. 

2.5. Irreducible representations of C(g)TL n (g). Since the algebra C(q)'H. n (q) is semisimple, the alge¬ 
bra C(g)TL n (g) := C (q) C^c^g- 1 ] TL n (g) is also semisimple. Moreover, we have that the irreducible 
representations of C(g)TL n (g) are precisely the irreducible representations of C(q)'H n (q) that pass to the 
quotient. That is, V\ is an irreducible representation of C(q)TL n (g) if and only if G]/>(y T ) = 0 for every 
standard tableau T of shape A. It is easy to see that the latter is equivalent to the trivial representation not 
being a direct summand of the restriction Res®" ,{E X ), where E x is the irreducible representation of the 
symmetric group & n (equivalently, the algebra C'H r , ( I)) labelled by A. We obtain the following description 
of the irreducible representations of C(g)TL n (g): 

Proposition 2.4. We have that V\ is an irreducible representation o/C(g)TL n (g) if and only if the Young 
diagram of A has at most two columns. 


2.6. The dimension of C(g)TL n (g). For n £ N, we denote by C n the n-th Catalan number, that is, the 
number 


a = 


n + 1 


2 n 
n 


n + 1 


E 

k =0 


We have the following standard result on the dimension of C(g)TL n (g): 


Proposition 2.5. We have 

dim C(g) (C(g)TL n (g)) = C n . 


3. Representation theory of the framisation of the Temperley-Lieb algebra 


In this section, we look at a generalisation of the Temperley-Lieb algebra, which is obtained as a quotient 
of the Yokonuma-Hecke algebra of type A. This algebra was introduced in HGJKL2I . where some of its 
topological properties were studied. Here we determine its irreducible representations and calculate its 
dimension. 


3.1. The Yokonuma-Hecke algebra Y d,n(q)- Let d, n £ N. Let q be an indeterminate. The Yokonuma- 
Hecke algebra of type A, denoted by Y d,n(q), is a C[g, g -1 ]-associative algebra generated by the elements 


9h ■ ■ ■ i 9n—li lli ■ ■ ■ fn 


subject to the following relations: 


(bi) 

(b 2 ) 

(fi) 

(f 2 ) 

(f 3 ) 


9i9j = 
9i9i+l9i = 
titj — 
tj 9i = 
td j = 


PjPi for ah i, j = 1,..., n — 1 with \i — jj > 1, 

g i+ igig i+ i for ah i = 1,..., n - 2, 

tjti for all i, j = 1,..., n, 

gitsi(j) for ah i = 1,..., n — 1 and j = 1,..., n, 

1 for ah j = 1,..., n, 
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(3.1) 








where s t denotes the transposition (i, i + 1), together with the quadratic relations: 


(3.2) 

gf = 9 + (q- l)ei9i for all 2 = 1 , • • 

., n — 1, 

where 

^ d— 1 


(3-3) 

e * := 

s=0 



Note that we have e 2 = e, and e,g t = fj-gg for all i = 1,..., n — 1. Moreover, we have 
(3.4) t i€i = U+iei for all* = 1,..., n — 1. 

Remark 3.1. In IChPAI . the first author and Poulain d’Andecy consider the braid generators gi := q l22 g t 
which satisfy the quadratic relation 

(3-5) gf = 1 + (q 1/2 - q~ 1/2 )eigi . 

On the other hand, in all the papers HJu21 IJuLa2lIJuLa3lIJuLa41 IChLalIGJKL 1 1 IGJKL21 prior to IChPAI . the 
authors consider the braid generators g t := g, + (q 1 / 2 — 1) egg, (and thus, g, ■= g i + (q -1 / 2 — 1) eig^) which 
satisfy the quadratic relation 

(3.6) g 2 = 1 + (q - 1) e* + {q - 1) e t g, . 

We have g, = q -1 / 2 #; + (1 — q” 1 / 2 ^^. Note that 

(3.7) eigi = eig^ = q 1/2 eigi for alH = 1,..., n - 1. 

Remark 3.2. If we specialise q to 1, the defining relations (13.1 b — (13.2b become the defining relations for 
the complex reflection group G(d, 1, n) = (Z/dZ) l & n . Thus, the algebra Y d,n{o) i s a deformation of 
C[G(d, l,n)]. Moreover, for d = 1, the Yokonuma-Hecke algebra Yi iU (q) coincides with the Iwahori- 
Hecke algebra Tin Ul) of type A. 

Remark 3.3. The relations (bi), (b 2 ), (fi) and (£ 2 ) arc defining relations for the classical framed braid 
group T n = Z l B n , where B n is the classical braid group on n strands, with the tj’s being interpreted as 
the “elementary framings” (framing 1 on the jth strand). The relations t (1 - = 1 mean that the framing of each 
braid strand is regarded modulo d. Thus, the algebra Y d, n {q) arises naturally as a quotient of the framed 
braid group algebra over the modular relations (f 3 ) and the quadratic relations (13.2b . Moreover, relations 
(EQ) are defining relations for the modular framed braid group 7>/ ra = (Z/dZ) l B n , so the algebra Y d, n (q) 
can be also seen as a quotient of the modular framed braid group algebra over the quadratic relations (13.21) . 

Let w € & n and let w = s n s l2 ... be a reduced expression for w. By Matsumoto’s lemma, the 
element g w := gi 1 gi 2 ... g lr is well defined. Juyumaya llJu2fl has shown that the set 

{ti 1 ^ 2 • • • tn n 9w | 0 < ai, a 2 , • • •, a n ^ d - 1, w € 6 ft } 

forms a basis of Y d, n (q) over C[q, q _1 ], which is called the standard basis. In particular, Y,ij,(g) is a free 
Cfq. q _1 ]-module of rank d n n\. 

3.2. The Framisation of the Temperley-Lieb algebra VT\.,i n (q). Let 2 = 1...., n — 2. We set 

9i,i +1 := 1 + 9i + 9i +1 + 9i9i +1 + 9i+l9i + 9i9i+l9i = 9w- 

w£(si,s i+1 ) 

We define the Framisation of the Temperley-Lieb algebra to be the quotient Y d,n{q) / Id,n> where is the 

ideal generated by the element eie 2 pi, 2 (if n ^ 2, we take = {0}). Note that, due to (13.4b . the product 
eie 2 commutes with g\ and with g ->, so it commutes with pi j2 . Further, we have t l e l+ ]g t/ j + \ G I d n for all 
i = 1,..., n — 2, since 

e-i^i+i9i,i+i = {g\92 ■ ■ ■ 9n-i) 1 1 eie 2 qp 2 (<7i<? 2 • • • 9n-i ) ^ 1 ' ) - 
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Remark 3.4. In I GJKL2 1. the Framisation of the Temperley-Lieb algebra is defined to be the quotient 
Y d,n{q )/ Jd,n, where J,i. n is the ideal generated by the element ei e 2 Jf 2 , where 

Si ,2 = 1 + Si + S 2 + S 1 S 2 + S 2 S 1 + SiS 2 Si- 

Due to (13.71) and the fact that the efs are idempotents, we have eie 2 g\ 2 = eie 2 pi i2 , and so I^ n = Jd,n- 
Remark 3.5. The ideal Id, n is the ideal generated by the element Xm<a b<d -1 ^i^ 2 ^° _6 Si, 2 - 

Remark 3.6. For d = 1, the Framisation of the Temperley-Lieb algebra FTL| n (7y) coincides with the 
classical Temperley-Lieb algebra TL n (q). 

3.3. Combinatorics of d-partitions. A d-partition A of size n is a d-tuple of partitions such that the total 

number of nodes in the associated Young diagrams is equal to n. That is, we have A = (A- 1 - 1 ,..., \ hl> ) with 
A (1) ,..., A (d) usual partitions such that |A (1) | 4-h |A (d) | = n. 

We write p = (x, y, k ) for the node in row x and column y of the Young diagram of X^ k \ and we say that 
p is a d-node of A. For a d-node p = ( x , y, k), we define p(p) := k and c(p) := q v ~ x . The number p(p) 
is the position of p and the number c(p) is called the (quantum) content of p. 

Let A = (A^ 1 ),... , \ {,,) ) be a d-partition of n. A d-tableciu of shape A is a bijection between the set 
{1,..., n} and the set of d-nodes in A. In other words, a d-tableau of shape A is obtained by placing the 
numbers 1,..., n in the d-nodes of A. The size of a d-tableau of shape A is n, that is, the size of A. A 
d-tableau is standard if its entries increase along each row and down each column of every diagram in A. 
For d = 1, a standard 1-tableau is a usual standard tableau. 

For a d-tableau T, we denote respectively by p(T|i) and <:(T\i) the position and the quantum content of 
the d-node with the number i in it. For example, for the standard 3-tableau T = ( | 2 | 3 | , 0 , [T]) of size 3, 
we have 

p(T|l) = 3, p(T|2) = 1, p(T|3) = 1 and c(T|l) = l, c(T|2) = 1, c(T|3) = q. 

For any d-tableau T of size n and any permutation a € (3„ , we denote by T a the d-tableau obtained 
from T by applying the permutation 0 on the numbers contained in the d-nodes of T. We have 

p(T CT |i) = p(T|cr _1 (z)) and c(T a \i) = c(T|cr“ 1 (i)) for alH = 1,..., n. 

Note that if the d-tableau T is standard, the d-tableau T CT is not necessarily standard. 

3.4. Formulas for the irreducible representations of C(q)Y,i /n (q)- The representation theory of Y d,n(g) 
has been first studied by Thiem I Thl , Th2 , Th3 1 and subsequently by the first author and Poulain d’Andecy 
IChPAl . who gave a description of its irreducible representations in terms of d-partitions and d-tableaux. 

Let V(d, n) be the set of all d-partitions of n, and let A € 'Pid. n ). Let V\ be a C(q 1 / 2 )-vector space with 
a basis {v r } indexed by the standard d-tableaux of shape A. In I ChPAl Proposition 5], the first author and 
Poulain d’Andecy describe actions of the generators gt, for i = 1,..., n — 1, and tj, for j = 1,..., n, on 
{v r }, which make V\ into a representation of Y d, n (q) over Cfy 1 / 2 ). The matrices describing the action of 
the generators tj have complex coefficients, while the ones describing the action of the generators g t have 
coefficients in C (cy 1 / 2 ). However, the change of basis 

(3.8) v r := q Nr/2 v r , 

where Nj- := € {1,..., n — 1} | p(T|i) < p(T\i + 1)}, and the change of generators 

(3-9) gi = q 1/2 gi 

yield a description of the action of Y d, n (g) on l- A which is realised over C (q) (see theorem below). 

Let V\ be a C(y)-vector space with a basis {v T } indexed by the standard d-tableaux of shape A. We 
set v r := 0 for any non-standard d-tableau T of shape A. Let {£ 1 ,..., L/} be the set of all d-th roots of 
unity (ordered arbitrarily). We set C(q)Yd, n (,q) ■= C(ry) Yr\, hq -x Y d,n{g)- The following result is I ChPAl 
Proposition 5] and I ChPAl Theorem 1], with the change of basis and generators described by (13.81) and (13.91 ). 
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Theorem 3.7. Let T be a standard d-tableau of shape A € V(d. n). For brevity, we set p, := p(7~]i) and 
c i := c{T\i) for i = 1,..., n. The vector space V\ is an irreducible representation of C(q)Y d,n{<l) with the 
action of the generators on the basis element v T defined as follows: for j = 1 ,,n, 

(3-10) ij(v r ) = £ Pj .v r ; 

for i = 1,..., n — 1, if pi > pj + i then 

(3-11) ffi(v r ) = v rs . , 

if Pi < pj + i then 

(3-12) 5 *(v r ) = gv rS . , 

and if pi = p )+ i then 

n ni t \ Q C i+t — c i+l . Q c i +1 — c i 

(3.13) 9iiy T ) = - v r 3- v T ®i > 

Ci+i - c i Cj+i - a 1 

where Si is the transposition ( i, i + 1). Further, the set {V \} Af-'P(j.n) ' s a complete set of pairwise non- 
isomorpliic irreducible representations o/C(g)Yrf jn (g). 

Corollary 3.8. The algebra F(q)Y f i n {q) is split semisimple. 


Remark 3.9. Note that 
(3.14) 


e *( v r ) 


V r if Pi = Pi+i; 

0 if Pi 7^ Pi+i • 


3.5. Irreducible representations of C(g)FTLd in (g). Since the algebra C(q)Yd, n {q) is semisimple, the 
algebra C(q)FTLd !n {q) •= C (q) <S>c[q,q—!] FTLd in (g) is also semisimple. Moreover, we have that the 
irreducible representations of C(q)FT\, r j n (q) are precisely the irreducible representations of CffY d. n (q) 
that pass to the quotient. That is, V\ is an irreducible representation of C(<y)FTU/ „(7/) if and only if 
eit' 2 i/i. 2 (v r ) = 0 for every standard d-tableau T of shape A. 


Theorem 3.10. We have that V\ is an irreducible representation of C () FT 1^ ,/ „ ( q) if and only if the Young 
diagram of A® has at most two columns for all i = 1 ,,d. 


Proof. Let us assume first that V\ is an irreducible representation of C(q)FTLd n (q) and let i € {1,..., d\. 
Set rii := |AW|. If rii ^ 2, then has at most two columns. If n, > 3, let us consider all the standard 
d-tableaux T = (T (1 \ ..., T^) of shape A such that 


Pi = P2 = P3 = ■ ■ ■ = Pm = i- 

Then, using the notation of Theorem 12.21 for the Iwahori-Hecke algebra TL ni (q) and Equation (13.141) . we 
obtain 

Gi, 2 (v r(i) ) = 31,2 (v r ) = 3 i, 2 eie 2 (v r ) = eie 2 3 i, 2 (v r ) = 0 

Since runs over all the standard tableaux of shape A^, Proposition 12.41 yields that A 1 ' - '- 1 has at most two 
columns. 

Now assume that A^ has at most two columns for allz = 1,..., d. Let T = (T (1 \ ..., T^) be a 
standard d-tableau of shape A. If pi = p 2 = P 3 =: p, then, by (13.141 ). eie 2 3 i i 2 (v T ) = 3 i, 2 eie 2 (v r ) = 
31,2 (v r ). In this case, c/\ , 2 acts on v T in the same way that C ] ■> acts on v (p) (replacing the entries greater 

than 3 by entries in {4,... , | A^ p l |}). Following Proposition 12.41 we have 3 i, 2 (v t ) = 0. Otherwise, again 
by (13.141) . we have eie 2 (v r ) = 0, so eie 2 3 i, 2 (v r ) = 3 i, 2 eie 2 (v T ) = 0 as desired. □ 
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3.6. The dimension of C(g)FTL(j in (g). We will now use the complete description of the irreducible rep¬ 
resentations of C(g)FTLd in (</) by Theorem 13, 101 to obtain a dimension formula for C(r/)FTL,/.„((/). Set 

Comp d (n) := {/j, = (pi,p 2 , ■ ■ ■, Pd) G N d | p x + p 2 H-h Hd = n}. 

Theorem 3.11. We have 

x ( 77,! 

dim c(9) (C(g)FTL d?n (g)) = ^ 

^€Comp d (n) 


II I / C/^l CVt2 • • • Cn, ■ 

PiW- • • ./id!/ 


Proof. Let us denote by V^' 2 (d, n) the set of d-partitions A of n such that the Young diagram of X' 1 has 
at most two columns for all i = 1..... d. By Theorem 13.101 and since the algebra C(q)¥TL r ij, (q) is 
semisimple, we have 

dim c(?) (C(g)FTL din (g)) = Y dim c(9) (V A ) 2 , 

A eV^ 2 (d,n) 

where diiii(P( f/ j(F A ) is the number of standard (/-tableaux of shape A. 

Fix fi € Comp d (n). We denote by V^ 2 {p) the set of all d-partitions A in V^ 2 (d, n ) such that | A 1 -*-* | = /ij 
for alii = 1,..., d. We have 

dim C ( g )(C(g)FTL din (g)) = E E dim C(9 )(VA) 2 - 

/leCompjfn) XeP^ 2 (p) 

Let A € V^ 2 (p). We have 


PlJ V F2 


n \ f n — \ ( n — pi — p 2 


P3 


n- ixi- H 2 


Pd -1 


Pd 


n\ 


pi\p 2 \...p d \ 


ways to choose the numbers in {1, ■ ■ ■, n} that will be placed in the nodes of the Young diagram of X l> for 
each i = 1,..., d. We deduce that 


dim C ( ?) (V\) = 


n 




pi\p 2 \... Pd)- ^ 

where V x (i) is the irreducible representation of C(q)TL Mi ((/) labelled by AW We thus obtain that 


dim €(g)(C(g)FTL din (g)) = Y 

/iGComp d (n) 


n\ 


pi\p 2 \...p d \ 


y n dim c ( ,)(^)) 2 


\eV^ 2 W) i =1 


We now have that 


is equal to 


e n dilXLc(qr) (F^q 

XeV^W) ®=1 


£ £ ■■■ £ n dim c(<t)( y A«: 

\W & -p^ 2 (i,tJ.i) A (2) eP <2( 1)M2 ) \Wev< 2 (l,Hd) i=l 

which in turn is equal to 

d / 

n e dim c( q ) (^ v ( i) ; 

i=1 \A (h e p^2(i )M .) 










By Proposition 12.5 1 we have that 

Y dim €(g) <y A « ) 2 = dim C(g) (C(g)TL w (g)) = , 

A M e p<2(i )M .) 


for alii = 1,..., d. We conclude that 

dim €( 9 )( c (9)FTL din (g)) 


E 


jUEComp^n) 


ni 


Pi!/i 2 ! 


■ Pd! 


C/U ‘ ‘ ‘ • 


□ 


4. An isomorphism theorem for the Framisation of the Temperley-Lieb algebra 

Lusztig has proved that Yokonuma-Hecke algebras are isomorphic to direct sums of matrix algebras 
over certain subalgebras of classical Iwahori-Flecke algebras jLul §34]. For the Yokonuma-Hecke algebras 
Ydniq)- these are all Iwahori-Hecke algebras of type A. This result was reproved in UaPAil using the 
presentation of Y d, n (q) given by Juyumaya. Since we use the same presentation, we will use the latter 
exposition of the result in order to prove an analogous statement for FTL^nC?)- Note that in both cases the 
result has been obtained over the ring C[g 1 / 2 , q~ 1 ^ 2 ] (with the use of the generators 7j, defined in Remark 
ED- We will show here that it is still valid over the smaller ring C[g, q 1 ]. 

4.1. Compositions and Young subgroups. Let p G Comp d (n), where 

Comp d (n) = {p = (pi, P 2 , • • •, Pd) <G N d \pi+ p 2 ~\ -h p d = n}. 

We say that // is a composition of n with d parts. The Young subgroup & /l of & n is the subgroup (5 W x 
0 /t2 x ■ • • x 6 W , where S Ml acts on the letters {1,..., p \}, acts on the letters {p\ + 1,..., p\ + /x 2 }, 
and so on. Thus, & /l is a parabolic subgroup of 6 n generated by the transpositions sj = (j. j + 1) with 

j € := {1,..., n - 1} \ {pi, pi + p 2 , • • •, Pi + P 2 H- V Pd-i}- 

We have an Iwahori-Hecke algebra 'HAff) associated with © /i5 which is the subalgebra of 'H n (q) gener¬ 
ated by {Gj | j € J /( }. The algebra W (q) is a free C \q, g _1 ]-module with basis {G w \ w G &/,}. and it is 
isomorphic to the tensor product (over C[g, g -1 ]) of Iwahori-Hecke algebras (q)0'H ll2 (g)0- ■ ■0'H l , d (q) 
(with H^q) = C [q, q~ l ] if p n ^ 1). 

For i = 1,..., d, we denote by p t the natural surjection -» 'H fH (q )/= TL Mi (g), where I /H 

is the ideal generated by G M1+ ... +Mi _ 1+ i i/il+ ... +w _ 1+2 if p* > 2 and I IH = {0} if p% ^ 2. We obtain that 
p M := pi 0 p 2 0 • • • 0 Pd is a surjective C[g, g _1 ]-algebra homomorphism W l (q) -» TL M (g), where TL M (q) 
denotes the tensor product of Temperley-Lieb algebras TL w (g) 0 TL /J2 (q) 0 ■ ■ ■ 0 TL /Jd (q). 

4.2. Two isomorphism theorems for the Yokonuma-Hecke algebra Y dn (g). Let {£]...., f /} be the 

set of all d-th roots of unity (ordered arbitrarily). Let x be an irreducible character of the abelian group 
Ad, n = (Z/dZ)" generated by the elements t\, t 2 , • • •, t n . There exists a primitive idempotent of C\A,i ri ] 
associated with x defined as 

^:=n( 5S ^r)=n( 5 Ex(,,v). 

Moreover, we can define a composition p x G Comp rf (n) by setting 

P X := #{.? G {1,..., n} | x(tj) = for all z = 1,..., d. 

Conversely, given a composition p G Comp d (n), we can consider the subset In 7 ' (A r i dn ) of Irr(A,/. n ) 
defined as 

Irr M (^4d jn ) := {x G Irr (A d ,n) I P x = p}- 
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There is an action of 6 n on Irr ^(Ad, n ) given by 
Let x'i £ IrF'fA/.n) be the character given by 

xKh) 

Xi(Wl) 

< Xl (^l+Ai2 + l) = 

„ Xl (W-hMd-l + l) 


for all w £ & n , j = 1,..., n. 

■■ = xi(W = & 

•• = Xi(W^) = £2 

= Xi (^ 1 +^ 2 + 143 ) = £3 

■■ = Xl(*n) = €d 


The stabiliser of X\ under the action of @ n is the Young subgroup & tl . In each left coset in & n /© /i5 we can 
take a representative of minimal length; such a representative is unique (see, for example, IGePfl §2.1]). Let 


{^14,15 7r A4,2) ■ ■ • j TT/x,m M } 

be this set of distinguished left coset representatives of & n /© /(; , with 


n: 


= —i—r 

' 1 1 '//.o' 


/Xi!/X 2 ! 


■ fJ-d'- 


and the convention that 7 t Mj i = 1. Then, if we set 


Xk :=7r n,k(x 1 ) for all k = 1,..., 


m 




we have 

We now set 


Irr^Ai.n) = {X]*) X2) • • •) Xm^ } • 

E v := = ^2 E Xk' 

Xelrr "(Aj,™) fe=1 


Since the set (i? x | G Irr(^,n)} forms a complete set of orthogonal idempotents in Y,i n (q), and 


(4.1) tjE x — E x tj — x(tj)E x and g w E x — E w ^g w 

for all x £ Irr(Az, n ), j = 1 ,n and w £ 6 n , we have that the set {E M | // £ Comp d (n)} forms a 
complete set of central orthogonal idempotents in Y d ,n{q) (of- UaPAl §2.4]). In particular, we have the 
following decomposition of Yd,nil) into a direct sum of two-sided ideals: 


Y d , n (q) = 0 E»Y din (q). 

/ 4 SComp d (n) 


For the moment, let us consider all the algebras defined over the Laurent polynomial ring C[q 1 ' 2 , q -1 / 2 ] 
(by extension of scalars). Let t : & n —)■ N denote the length function on © n . We define a C\q l/ ' 2 . q~ L 2 ]. 
linear map 

■ E»Y d , n (q) ->• Mat^(^(9)) 
as follows: for all k £ {1,..., m M } and w £ & n , we set 


*»{E x »g w ) := 


V,2 


Mk,i 


where l £ {1,... , m /; } is uniquely defined by the relation w(xf) = Xk an d X//./ is the elementary m /7 x 
matrix with 1 in position (k, l). Note that n^ x k um v \ £ © /; . We also define a C[<y 1 //2 , <y 1 /2 ]-linear map 


% : Mat m ^(q)) -> E„Y d , n {q) 
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as follows: for all k, l £ {1,... , m^} and w £ © /t , we set 

Using the generators g t and G, defined in Remark [3711 the above maps are equivalent to 

^ U {E rq w ) : = G -i Mu I and u (G w Mu A := E eq -iE v. 

Then we have the following IIJaPAl Theorem 3.1]: 

Theorem 4.1. Let // £ Comp d (n). The linear map A n« isomorphism of'G\q 1 ' 2 . q~ 1 ^ 2 ]-algebras with 
inverse map d?^. As a consequence, the map 

*n’-= © ^:Y d , n (q)^ © Mat m ^(q)) 

/i£Compj(n) (leCompjfn) 

is also an isomorphism qfC\q 1 ^ 2 . q -1 / 2 ]- algebras, with inverse map 


d>„ := 


© 




/iSCompjfn) 


© Mat m „(^( g ))-^Y din ( g ). 

^eComp d (n) 


We will now show that we can construct similar isomorphisms over the smaller ring C[q, q^ 1 ]- In or¬ 
der to do this, we will make use of Deodhar’s lemma (see, for example, I GePfl. Lemma 2.1.2]) about the 
distinguished left coset representatives of ©n/©^. 


Lemma 4.2. (Deodhar’s lemma) Let p £ Comp rf (n). For all k £ {1,... , m^} and i = 1,..., n — 1, let 
l € {1,..., mbe uniquely defined by the relation Si(x?) = Xk- We have 


for some j £ J ,J . 


'V,fc ,s * 7r /U 


1 if k / l; 

Sj ifk = l, 


Deodhar’s lemma implies that, for all* = 1,..., n — 1, d© (©,,//,) is a symmetric matrix whose diagonal 
non-zero coefficients are of the form Gj with j £ J while all non-diagonal non-zero coefficients are equal 
to q 1 / 2 . Now, let us consider the diagonal matrix 


u„ :=J2q l ^ k)/2 Mk,k. 

k =l 


The coefficients of the matrix U/Pl 1 1 satisfy: 

for all k,l £ {1...., rn IL }. Therefore, following the definition of d/ /x and Deodhar’s lemma, the ma¬ 
trix L^d/ ^(E^g^lJ- 1 is a matrix whose diagonal coefficients are the same as the diagonal coefficients 
of d '^(E^gi) (and thus of the form Gj with j £ J 71 ), while all non-diagonal non-zero coefficients are equal 
to either 1 or q. Moreover, since, for all j = 1,..., n, 

mn 

tj) = Xk(tj)Mk,k 
k =1 


is a diagonal matrix, we have f7 At d , /i (£’ /i fj)C/ 1 = d '^(E^tj). We conclude the following: 

li 






Theorem 4.3. Let p £ Comp d {n). The map 

^ : E^Yd^q) -/• Matm M (^(g)) 


defined by 

for all a £ Y d,n{l)> is an isomorphism ofC[q , / ^-algebras. //a inverse is the map 

: Mat^W^g)) -> E^Y d , n {q) 


defined by 

$,(A) := 

/or all A £ Mat m(J {TL tl {q )). As o consequence, the map 


*•=- ® : Y d,n{g) ^ Mat m/J (TL^ {q)) 

/i6Compj(n) (leCompjfn) 

/a also o/i isomorphism ofC\q. q~ l ]-algebras, with inverse map 

■= © <v ® Mat m „(^(g))-^Y d , n ( g ). 

7 iGComp d (n) TigComp^n) 


Remark 4.4. We believe that, using a similar method, one can prove that Lusztig’s isomorphism theorem 
for Yokonuma-Hecke algebras iLul §34] is valid over the ring C\q. q~ 1 ]. 


4.3. From FTLy/. n (7y) to Temperley-Lieb. Recall that TTL r j n (q) is the quotient Y d ,n(q)/Id,n, where fi- n 
is the ideal generated by the element eie 2 < 71,2 (with fin = {0} if n ^ 2). Let p £ Comp d (n). We will 
study the image of eie 2 f/ 1.2 under the isomorphism 4/,. 

By (14.1b . for alii = 1,..., n — 1 and x € Irr(M f /, n ), we have 


(4.2) 


eiE x — E x a — 


1 

d 


d—l 


^2x(tiYx(U+ 1 ) S E X = 

s=0 


E x if x(u) = x{U+i)\ 
0 if xifi) 7 ^ X'(/+i)- 


We deduce that, for all k = 1,..., m^, 
(4.3) E x »eie 2 gi,2 = 



if Xfc(fi) = Xfcfe) = Xfc(*3); 

otherwise . 


Proposition 4.5. Let p £ Comp d (n) and k £ {1, m /; }. We have 

( G i}i+1 M kjk for some i £ {1,..., n — 2} ifx k (fi) = Xkfa) = X k (h); 

V it{E x £ e i e 2gi,2) = < 

[ 0 otherwise . 

Thus, 41 ^{E^eie 2 gip) is a diagonal matrix in Mat m ll {T~L^{q)) with all non-zero coefficients being of the 
form G t q + \ for some i £ {1,..., n — 2}. 

Proof If Xk(t 1 ) = Xfc(* 2 ) = Xfcfe), then w(x k ) = X k for a11 w € («i, s 2 ) C © n , and so 

(4.4) *„(^9»)= E = 53 G <iW ^M k:t . 

wG{si,S2) wG(s 1,S2) «7G(si,S 2 ) 

We will show that there exists i £ {1,..., n — 2} such that 

V G -1 = G ii+ i. 

«7G(si,S 2 > 
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By Lemma l4~2l there exist i,j £ J 1 ' such that 


%,fe' Sl7r — anC ^ 7r /i,it S27r A‘>fe — Eh 

Consequently, 7r“j.sis 2 7r^,ifc = SjSy, = SjSj and 7r“j,sis 2 si7r Mi fc = SiSjSi. Moreover, since si 

and s 2 do not commute, s t and Sj do not commute either, so we must have j £ {i — 1, i + 1}. Hence, if 
j = i — 1, then 

E c. 

we{si,S2) 

while if j = i + l, then 

E o. 

W&(s\,S2) 

We conclude that there exists i £ {1,..., n — 2} such that 


-l 


~~n!k W ">‘- k 1,1 ’ 


^ 7r /J .,fc' L07r M,fc 


E 


7r M,fc W7r M,fc 


□ 


we(si,s 2 ) 

whence we deduce that 

= Gi t i + iMk t k- 

Combining this with (14.31) yields the desired result. 

Example 4.6. Let us consider the case d = 2 and n = 4. We have 

Ovtv) G {((4,0), 1), ((3,1), 4), ((2, 2), 6), ((1,3), 4), ((0,4), 1)}. 

Then 


^ M (.E x £eie 2 5i i2 ) = < 


where we take 7r( lj3 ) j4 = s 3 s 2 si. 

Now, recall the surjective C [q, q~ 1 1-algebra homomotphism //' : Wig) -» TL^(g) defined in (34.11 The 
map //' induces a surjective C [q, q ' -algebra homomorphism Mat TO (W (q)) -» Mat m (TL M (q)), which 
we also denote by p 1 '. We obtain that 

p fl o+ fl : E^Y^q) -> Mat m(J (TL^(g)) 
is a surjective C[q, q ']-algebra homomorphism. 

In order for //' o to factor through E li Y djn (q)/E fi I d)n = E^FTL^q), all elements of E^I d)7l 
have to belong to the kernel of p 11 o T /( . Since I d , n is the ideal generated by the element eie 2 //i, 2 , it is 
enough to show that (p^ o v L y/ ) (e i r; 2 r/i 2 ) = 0. This is immediate by Proposition 14.51 Hence, if we denote 
by 0> l the natural surjection L /( Y f /.„Ly) E IJ Y dtn {q)/E ll I djn = E^FTL.iJq), there exists a unique 
C [q, q ' -algebra homomorphism Tp : E^FTL dtn (q) -a Mat m (TI J // (r/)) such that the following diagram 
is commutative: 


G 1,2 

if p = (4,0) or p = (0,4) 

G±p M\p 

if p = (3,1) and k = 1 , 

G2,3 Mi,4 

if p = (1, 3) and k = 4 , 

0 

otherwise , 


EnY dn (q ) 


Vu 


Mat m AW{q)) 


(4.5) 


0M 


E fi FTL d ^ n (q) 
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Mat^TL^q)) 







Since p 1 ' o is surjective, ^ is also surjective. 


4.4. From Temperley-Lieb to VTL r i /n (q). We now consider the surjective C \q,q 1 ]-algebra homomor¬ 
phism: 

r o : Mat m „(^(g)) -> E^FTL^q), 

where is the inverse of 'h M . In order for f) 1 ' o ( I> /; to factor through Mat m (TL^ (q)), we have to show 
that Gij+iMkj belongs to the kernel of 9 M o for alii = 1,..., n — 2 such that G^j+i G q ) (that is, 
{*, i + 1} C J^) and for all k, l G {1,..., m^}. Since 


Gij+iMkj = Mk,iGi t i + iMipMij 

and (G'ofi^, is an homomorphism of C[q, q 1 1-algebras, it is enough to show that A/i i j = 0. 

Let i = 1,..., n — 2 such that G q ). By definition of 4> M , and since 7^1 = 1, we have 

(4.6) ^(G^+iMip) = = E^gij+iE^. 

Now, since Gij +1 G TL^{q), there exists j G {1,... ,d} such that pj > 2 and G TL^^q), that is, 

i G {/ii + • • • + /Jj_i + 1,..., /ii + • • • + Pj~\ + pj — 2}. By definition of Xp, we have 

Xl (W-—l+l) Xl -—? 


whence 

Xi(G) = xi(U+i) = Xii.U+ 2 ) = £j. 

Following (14.21 ). we obtain 


^ — E x ^gi^ + iE x ^ — ■ 

Since eie i+ ig iii+ i G I d , n , we deduce that (6^ o $ /Lt )(G iji+ iMi j i) = 0, as desired. 

We conclude that there exists a unique C[q, q -1 ]-algebra homomorphism (A /( : Mat m(J (TL M (g)) —>• 
F^FTL^^g) such that the following diagram is commutative: 


(4.7) 


E,jY dt n(q) 

E»FTL dtn (q) 


Mat m AW{q)) 


Mat m (TL »(q)) 


Since 0 1 ' o ( I> /; is surjective, cj)^ is also surjective. 


4.5. An isomorphism theorem for the Framisation of the Temperley-Lieb algebra FTLrf n (q). We are 
now ready to prove the main result of this section. 

Theorem 4.7. Let p G Comp d (n). The linear map i/L is an isomorphism ofC\q, q l ]-algebras with inverse 
map 0 jl: . As a consequence, the map 

V'n := © ^:FTL d ,n(q)^ © Mat m#1 (TI/(</)) 

fieCompjfii) /iGCompjtn) 

is also an isomorphism ofC[q, q~ l ]-algebras, with inverse map 

<t>n ■= © 4>n ■■ © Mat mM (TL^(g))^FTL rfin (q). 

peCompjfn) p6Compj(n) 
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Proof. Since the diagrams (14.51) and (14.71) are commutative, we have 

p ,J ' o = V-V ° and f p>‘. 


This implies that 


pV and 

By Theorem @3] ^ 0 $,, = id Ma t m(J (WM( ? )) and ^ o = \d E ^ Ydn{q) , whence 

P 11 = 'f 1,0 fix o p M and 0 M = (^ o ^ o 6» M . 

Since the maps p M and 14' are surjective, we obtain 

VY 0 = ld Mat m/i (TL M (q)) and 4 >h ° V’m = ld ^FTL dj71 ( 9 ), 

as desired. □ 

4.6. A basis for the Framisation of the Temperley-Lieb algebra FT( 5 ). Let n G N. Let z = 

z p ) and fc = (/,■].... k p ) be two p-tuplets of non-negative integers, with 0 ^ p f n — 1. We denote 
by fj n the set of pairs (z, fc) such that 


1^ zi<Z 2 <•••<%, ^n — 1 and i j — kj > 0 V j = 1,..., p. 

For (LA;) G fj n , we set 

Gi,k '■= ... G'j 1 _fc 1 )(G'j 2 Gj 2 _i... Gi 2 -k 2 ) ■ ■ ■ (Gi p Gi p - 1 ... Gi p -k p ) G H n (q). 

We take @ to be equal to 1. We have that the set 

^Hn(q) • I (i,k) G Tin} {^10 I tv G S„} 

is the standard basis of TL n (q) as a C [q, q _1 ]-module. 

Now, let us denote by T n the subset of Sj n consisting of the pairs (z, k) such that 

l^zi<Z 2 <---<z p ^n — 1 and 1 ^ i\ — k\ < 12 — k 2 < ■ ■ ■ < i p — k p ^ n — 1. 

Jones IIJo 11 has shown that the set 


^TL n (q) •— {Gi,k I ihk) ^ ^n} 

is a basis of TL ra (q) as a C[q, q~ 1 ]-module. We have |Z?tl„( 9 )| = C n . By Theorem 14.71 we obtain the 
following basis for FTL<z iTl (< 7 ): 


Proposition 4.8. The set 

2 • • • b d M ki i) I p G Comp d (n),bi G for all i = 1,..., d, 1 < k, l < m^j 

zs n Aaszs 0 / FTL^ n (q) as a C[q, q~ l ]-module. In particular, FTL^ n (q) is a free C [q, q~ 1 ]-module of rank 

y! m n Ghi C*p 2 • ■ ■ C' Md . 

/iGComp d (n) 

Remark 4.9. Theorem 13.111 is a consequence of Proposition 15.101 but we decided to keep the proof that 
uses the irreducible representations of C(q)FTLd, n ((/)- 


5. Representation theory and an isomorphism theorem for the Complex Reflection 

Temperley-Lieb algebra 

In this section, we determine the irreducible representations and calculate the dimension of the Complex 
Reflection Temperley-Lieb algebra, which is also defined as a quotient of the Yokonuma-Hecke algebra of 
type A HGJKL21 . We then prove an isomorphism theorem similar to Theorem 14.7 l and produce a basis for the 
Complex Reflection Temperley-Lieb algebra. Our results here reinforce the opinion that the Framisation of 
the Temperley-Lieb algebra is the most natural analogue of the Temperley-Lieb algebra in this case. 
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5.1. The Complex Reflection Temperley-Lieb algebra CTL d,n(o)’ Let j = 1,... ,n. We set 


Tj ' d 


d— 1 


s=0 


We define the Complex Reflection Temperley-Lieb algebra to be the quotient Y,i n (q) /jY„, where is 
the ideal generated by the element Tieie 2 < 71,2 (if n ^ 2, we take = {0}). The element T\ commutes 
with eie 2 < 71 , 2 , since, for all s = 0 , 1 ,... , d — 1 , we have 


ffeie 2 01,2 = ii0i,2eie 2 = (if + 01 t s 2 + 02 if + 0102^3 + 0201 t s 2 + 010201 is) e i e 2 

and t\eie 2 = t|eie 2 = = e^ff due to Equation (13.41 ). Further, we have Tjejej+^qj+i G 3d,n for 

alii = 1,..., n — 2, since 

Tieiei_)_i0i j i + i = (0102 ...0 n -i)* 1 Tieie201,2 (0102 ••• 0n-i) ^ 1 ' ) - 


Remark 5.1. The ideal 3d, n is the ideal generated by the element Ylo<a b c<d-i ^ 1 ^ 2*3 0 i, 2 > which is the 
sum of all standard basis elements of Y^ 3 ( 0 ). 


Remark 5.2. For d = 1, the Complex Reflection Temperley-Fieb algebra CTLi, n ( 0 ) coincides with the 
classical Temperley-Fieb algebra TL n (g). 


5.2. Irreducible representations of C(q)CTLd, n (q)- Since the algebra < C(q)Yd,n(o) is semisimple, the 
algebra C(q)CTLd, n (q) := C (q) <S>c[<?,q— x ] CTL d, n (l) is also semisimple. Moreover, we have that the 
irreducible representations of C(q)CTLd.n( ( j) are precisely the irreducible representations of CijflYd.n(q) 
that pass to the quotient. That is, given A G V(d, n), V\ is an irreducible representation of C( 0 )CTL,/ r , (q) 
if and only if Tieie 20 i, 2 (v r ) = 0 for every standard d-tablcau T of shape A. 

Let A G V(d, n) and let T be a standard d-tableau T of shape A. Let {£ 1 ,..., £^} be the set of all d-th 
roots of unity, ordered so that £1 = 1. Recall that, following Theorem 13.71 the action of the generators 
ti, t 2 , ■ ■ ■, t n on the basis element v r of V\ is defined as follows: 


fj( v r) = £pj v t for 3 = f, ■ • •, n, 
where p j := p(T|j). We deduce that, for j = 1,..., n, we have 


(5.1) 


T j( v t) 


V T - 1: 

0 if p j / 1 . 


Theorem 5.3. We have that V\ is an irreducible representation q/' C ( 0 ) CT L,/ „ ( q ) if and only if the Young 
diagram of has at most two columns. 


Proof We have that V\ is an irreducible representation of C(q)CTl J ,[,n(q) if and only if Tieie 20 i, 2 (v r ) = 
0 for every standard d-tableau T = (T ( 1:1 ,.... T ' (l> ) of shape A. Combining Equation (15.11 ) with Equation 
(13.141) yields: 

rr , \ J 01,2 (v r ) if Pi = P 2 = P 3 = 1 ; 

Tieie 2 0i,2(v r ) - 0i, 2 eie 2 Ti(v r ) | Q otherwise . 

Now, if pi = P 2 = p 3 = 1, then 01,2 acts on v T in the same way that G\p acts on v (1) (replacing the 
entries greater than 3 by entries in {4, ..., |A^ |}). Following Proposition 12.41 we have 01,2 (v r ) = 0 if and 
only if the Young diagram of A' : 1 - 1 has at most two columns, as desired. □ 


Remark 5.4. If the roots of unity {£ 1 ,..., £ f /} are ordered so that £, = 1 for some i > 1, then the above 
proposition holds for A^ in the place of A n j . 
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5.3. The dimension of C(q)CTL f i n (q). We will now use the complete description of the irreducible rep¬ 
resentations of C(g)CTLd )n (g) by Theorem 15. 31 to obtain a dimension formula for C(g)CTL,/.„(g). 

Theorem 5.5. We have 

71 f \ 2 

dim c(5) (C(g)CTL din (g)) = £ (JJ C k (d - 1 ) n ~ k (n - k)l 

Proof. Let us denote by 'P < -(n ) the set of partitions of of n whose Young diagram has at most two columns. 
By Theorem l5.31 and since the algebra C(g)CTL r / n (gj is semisimple, we have 

dim C(g)( C (^) CTL rf,n(9)) = £ dim C( 9 )(^A) 2 , 

A £V(d,n) 


where dimQ r/ j (V'a) is the number of standard (-/-tableaux of shape A. 

Let fc G {0,1,... , n}. Let A £ V(d,n) be such that A^ £ V^ 2 (k), where k = |A^|. Since there are 
(?) ways to choose the numbers in {1, ... , n} that will be placed in the nodes of the Young diagram of A (d , 
we have 

dim c{q] (Vx) = (?j d i m €(g)(^ a ( 1 )) d imc ( q) (Y(xW .,A (d )))> 


where V^i) is the irreducible representation of C(q)TL*.(g) labelled by A 1 ' 1 - 1 and V{ A ( 2 ) x (d)^ is the irre¬ 

ducible representation of C(q)Y d-i, n -k(q) labelled by (A®,..., A^) £ V(d — 1 ,n — k). We deduce 
that 


d im C ( g )(C(g)CTL din (g)) = £ 

k =0 


/ 


2 


E 


A ev^ 2 {k) 
y fj,£V(d—l,n—k) 


\ 

dim C( 9 ) (^a) 2 dim c(g) (V^) 2 


Now, we have that the sum inside the parenthesis is equal to 


£ dim €(q)(^A 

K xev<i 2 (k) 

whence we obtain the desired result. 


£ dim c(g) (Y M ) 2 ) =C k (d- 1 ) n ~\n - k )\, 

y I^EV^d— l,n—k) 


□ 


Remark 5.6. Note that the dimension of CTL^ n (g) can be rewritten, using the set Comp rf (n), in the 
following way: 


d im C ( g )(C(g)CTL din (g)) = £ 

/iSComp d (n) 


using the fact that 


E 


nl 


fieComp d (n) 


/ri!q 2 ! ■ ■ ■ Pd'- 


-t) C^!...^!, 


= d n . 
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5.4. An isomorphism theorem for the Complex Reflection Temperley-Lieb algebra CTL d,n{q)- We 
will now reuse the notation of Section [4j and assume again, without loss of generality, that £1 = 1. For all 
j = 1,... ,n and x F Irr(^ n ), we have 


(5.2) 


d -1 

T j E x = E x T J = -Y J X(tjTE. 


s=0 


E x if x(tj) = i; 
o if x(tj) ^ 1- 


Proposition 5.7. Let // € Comp d (n) and k G {1,..., m /; }. We /wve 

Gi,2 M k)k if Xk (t i) = Xfc(fe) = Xfc(*3) = l; 


*n(E x ,T iei e 29l , 2 ) = 


otherwise . 


Thus, T' ^{E^Tieie 2 gi, 2 ) is o diagonal matrix in Mat m with all non-zero coefficients being equal 

to Gi 2 - 


Proof. Combining (15.21) with (14.31) yields: 


(5.3) 


E x rTiei e 2 9 l,2 



if Xfc(ti) = Xfc(fe) = X k (h) = l; 

otherwise . 


If now x£(fi) = Xfc(* 2 ) = X k {h) = 1, then the following hold: 


• hi > 2 ; 

• = X k for all w G (s 4 , s 2 ) C © n ; 

• there exists cr G (s 4 , • • •, s n -i) C © n such that x k = a (Xi ), since Xi (*i) = Xi (* 2 ) = Xi (* 3 ) = 1. 

We have cr© M = 7r Mj fc© M , and so there exists x G ©^ such that <7 = tt^x and i{p) = f.{Tt^, k ) +(-{x). Thus, 
the product of a reduced expression for TT ljk and a reduced expression for x yields a reduced expression 
for a. However, all reduced expressions for cr have all then - factors in {s 4 ,..., s n -t} (see, for example, 
I GePfi Proposition 1.2.10]). Therefore, T\ jt k G (s 4 ,..., s n -i)> whence we obtain that = WK jl k for 

all w G (s 4 , s 2 ). Thus, similarly to ( 14. 41 ). we have 


^u( E x rg w ) 

W&(si,s 2 ) 


WG(s i,S2) 


Combining this with (15.31) yields the desired result. 


Y, G w M k)k = G 4) 2 Mk,k- 

w€{si,S2) 


□ 


Example 5.8. Let us consider again the case d = 2 and n = 4 as in Example 14.61 We have 

Gi ,2 if /X = (4,0) , 


^ n(E x gTieie2gi,2) = < 


G 1 2 M 4i i if p = (3,1) and k = 1 , 
0 otherwise . 


We now consider the natural surjection p\ : T/ /(| (q) -» 'H M1 (g)// M1 = TL /(| (q), where is the ideal 
generated by G 4j 2 if p 4 > 2 and I in = {0} if /r 1 ^ 2. Let us denote by H( w,,,,,w ) (g) the tensor product of 
Iwahori-Hecke algebras 'H fl2 (q) <g> • • • 0 Ti^ d {q). Then the map P 4 := p 4 © id^( M2 ,..., Md )/^ is a surjective 

C[g,g _1 ]-algebra homomorphism ’W(q) -» TL /(| (g) © 'H t ' II2 ‘"" llrl Hq). This in turn induces a surjective 
C[q, g _1 ]-algebra homomorphism Mat mM (7Z /i (g)) -» Mat mji (TL M1 (g) (g> which we also 

denote by P 4 . We obtain that 

Pt o ^ : EfjY djn (q) -)■ Mat m „ (TL M (</) <g> 
is a surjective C [q, q ']-algebra homomorphism. 
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In order for Pi o T /( to factor through E p Y dn (q) / E t ,3 d . n — E^CY\j dn {q), all elements of Efj,3 dn have 
to belong to the kernel of Pi o \k M . Since 3 djn is the ideal generated by the element Tjeie 2 < 7 i, 2 > it is enough 
to show that (Pi o 'P /y )(T"] ei eary [ .2 ) = 0. This is immediate by Proposition 15.71 Hence, if we denote by (-) 1 ' 
the natural surjection E^Y^Jq) -» E^Y d ^ n (q) / E^3 d)Tl = E^CTL^q), there exists a unique C [q, q~ x }- 
algebra homomorphism ^ : E^CTL djTl (q) —> Mat m(J (TL Ml (q) <8) 7^(^ 2 ’ -’^)(g)) such that the following 
diagram is commutative: 


(5.4) 


E^Y d ^ n (q) 

©A* 

E fl CTL d:n (q) 


Mat m AW{q)) 


Pi 


MaW(TL w (g)®«{w.w)( g )) 


Since Pi o is surjective, 1 /; is also surjective. 

Let us now consider the surjective C [q, q~ 1 ]-algebra homomorphism: 

o : Mat mM (^(q)) -> E^CTL^q), 

where 4> /( is the inverse of T /( . In order for (-) ,L o <l> /( to factor through Mat m/J (TL W (q) ® 'H^ 2 ’ - ^ d \q)), 
we have to show that i belongs to the kernel of 0^ o if p\ > 2. Since 

= M^pGi^MipMi^ 

and 0 ^ois an homomorphism of C [q, q _ 1 ]-algebras, it is enough to show that ( 0 A ‘o 4 > /i )(Gi ) 2 Mi j i) = 0 . 
Similarly to (14.61 ). by definition of 4®, and since 7 ®, 1 = 1, we have 

= E^gi^E^. 

Now, by definition of X\, we have 

Xi(h) = ■■■ = Xiitfti) =6 = 1- 

Since pi > 2, we deduce that 

Xi(h) = Xi(h) = Xi (h) = 1- 

Following (15.31) . we obtain 


^(Gi^-Mgi) = E x Mj\- 2 E x ii = E x ETie\e2gi,2E x ». 

Since T\e\e 2 g \,2 € 3 d ^ n , we deduce that (0^ o 4> /i )(Gi,2 ih/qi) = 0, as desired. 
We conclude that there exists a unique C [q, (f 1 -algebra homomorphism 

\ ■ Mat m(i (TL Ml (q) ® n^-^(q)) -A ^CTL d , n (q) 

such that the following diagram is commutative: 

E» Y d , n (q) Mat m „(W*(?)) 


(5.5) 


©A* 

^/rCTL diri (q) 


Pi 

Mat m ^(TL w (g)®W(w,...,w)( g )) 


Since 0^ o is surjective, is also surjective. 

Similarly to Theorem 14.71 we obtain the following result: 

Theorem 5.9. Let // £ Comp rf (n). The linear map tp is an isomorphism ofC[q, q~ l ]-algebras with inverse 
map ()>!,. As a consequence, the map 

An-= © ^ : CTL d , n (9) -»■ © Mat mM (TL w (g)<8^^>-^)(q)) 

/i£Comp d (n) /iGComp d (n) 
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is also an isomorphism ofC[q,q l ]-algebras, with inverse map 

~4*n ' = © © Mat m#1 (TL #11 ( g )®wO«>--w)( g ))->CTL d)n ( g ). 

/reComp d (n) p,GComp d (n) 

5.5. A basis for the Complex ReflectionTemperley-Lieb algebra CTL v / n (7/). By Theorem 15.91 using 
the notation of Tf.61 we obtain the following basis for CTL d, n (q)' 

Proposition 5.10. The set 

|^(6i62 • • • b d M k ,i ) | p G Comp d (n),6i € #r L/11 («z)A € Bp^q) for all i = 2, ..., d, 1 ^ k, l < 

« n o/CTLd jn (( 7 ) as a C[g, q~ l \-module. In particular, CTL^^g) ;,y a free C[g, q~ l ]-module of rank 

/leCompjin) 
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